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Abstract
In this work we study the time evolution of Renyi entanglement entropy for
locally excited states created by twist operators in cyclic orbifold (T 2)n/Zn and
symmetric orbifold (T 2)n/Sn. We find that when the square of its compactification
radius is rational, the second Renyi entropy approaches a universal constant equal
to the logarithm of the quantum dimension of the twist operator. On the other
hand, in the non-rational case, we find a new scaling law for the Renyi entropies
given by the double logarithm of time log log t for the cyclic orbifold CFT.
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1 Introduction
The most fundamental quantity which characterizes the degrees of freedom in conformal
field theories (CFTs) is the thermal entropy, which can be computed universally in two di-
mension thanks to the celebrated Cardy formula [1]. Entanglement entropy (EE) provides
a more general probe of CFTs [2, 3] and can even capture various dynamical processes in
CFTs. Especially, as pioneered by Calabrese and Cardy, quantum quenches provide very
important classes of excited states in CFTs and beautiful results on the time evolution of
entanglement entropy have been derived [4, 5, 6, 7] for two dimensional CFTs. A quan-
tum quench is triggered by a sudden shift of Hamiltonian at a specific time. This shift
can happen either globally or locally, and we talk about global quench or local quench,
respectively. To analyze quantum quenches in higher dimensional CFTs, holographic
entanglement entropy [8, 9, 10, 11, 12, 13] also provides a useful tool [14, 15, 16].
There is another interesting class of excited states in CFTs which are simple enough
to be computed analytically. These are locally excited states obtained by acting a local
operator O(x) on the vacuum in a given CFT at the time t = 0, introduced in [17] for the
purpose of computation of entanglement entropy. The state at time t is explicitly written
as
|ψ〉 = N · e−itH · e−H ·O(x∗)|0〉, (1.1)
where x∗ represents the position of insertion of the operator,  is an UV regularization of
the local operator and N is a normalization factor so that 〈ψ|ψ〉 = 1.
By applying the replica method, we can calculate the time evolution of entanglement
entropy and its generalization called Renyi entanglement entropy (Renyi EE). To define
these quantities we trace out a subsystem B, and define a reduced density matrix ρA for
the subsystem A, which is the complement of B. In this work, we will simply set A to be
a half space. The m-th Renyi entropy S
(m)
A is defined by
S
(m)
A = −
1
m− 1 log Tr[ρ
m
A ]. (1.2)
The limit m → 1 defines the (von-Neumann) entanglement entropy SA. For our excited
state (1.1), the computation of S
(m)
A is equivalent to that of the 2m-point function on
the (m times) replicated space [17, 18]. Our main focus will be on the difference ∆S
(m)
A
between the entropy for a given excited state and the vacuum state so that the area law
UV divergences are cancelled.
In previous works, several interesting features of ∆S
(m)
A have been worked out for
excited states in CFTs of the form (1.1) and our primary interest in this paper is to proceed
more in this direction for two dimensional CFTs. First, it was found that the Renyi EE
growth ∆S
(m)
A approaches to a finite value at late time in free CFTs in any dimensions
[17, 18, 19, 20, 21] and in (two dimensional) rational CFTs (RCFTs) [22, 23, 24, 25, 26].
On the other hand, the holographic result [27, 28] for two dimensional CFTs shows the
logarithmic growth ∆S
(m)
A ∼ c6 log t under the time evolution. This holographic behavior
was reproduced from a CFT computation by utilizing the spectrum gap and the known
1
behavior of conformal blocks and in the large central charge limit [29] (see also [30, 31]
for further generalizations to finite temperature).
For two dimensional CFTs, these previous results cover two extremal cases: rational
CFTs and holographic CFTs. Note that the latter CFTs are expected both to be strongly
coupled and to have large central charges so that they are dual to classical gravity on AdS3.
One may naively think that the behavior of such time evolutions depend on whether the
CFT is integrable or chaotic. This speculation raises a question: do we only have two
possible behaviors of ∆S
(m)
A for any two dimensional CFTs, i.e. (i) approaching a finite
constant (as in RCFTs) and (ii) growing logarithmically (as in holographic CFTs) ? This
question motivates us to study integrable CFTs which are not rational. For this purpose
we would like to study ∆S
(m)
A for a class of solvable CFTs defined by the sigma model
whose target space is the cyclic orbifold:
(T 2)n/Zn, (1.3)
where T 2 = S1×S1 is the c = 2 CFT defined by two compact bosons X1 and X2, both of
which are compactified on the same radius R. The Zn action is defined by shifting n copies
of the two dimensional torus T 2 successively. We will choose the primary operator O in
(1.1) which creates the local excitation, to be the twist operator σn. Thanks to analytical
results by Calabrese, Cardy and Tonni [32], we can have an analytical expression for
∆S
(m)
A in this CFT model.
When R2 is rational, the c = 2 CFT becomes a rational CFT. Moreover, as we will
see later, the cyclic orbifold CFT (1.3) also becomes rational for any n. However, if R2 is
irrational, these CFTs are irrational. Therefore this offers an example of integrable but
irrational CFTs. As we will show in this paper, the 2nd Renyi EE ∆S
(2)
A in this irrational
CFT actually shows a new behavior under the time evolution different from (i) and (ii).
A similar statement is true for the symmetric orbifold CFT defined by a sigma model
whose target space is given by
(T 2)n/Sn, (1.4)
where Sn is the symmetric group. When the square of compactification radius R
2 is
rational (or irrational), this symmetric orbifold CFT is also rational (irrational). Note
that only when n = 2, (1.3) and (1.4) are equivalent. This class of CFTs is also motivated
by the fact that typical examples of AdS3/CFT2 are given by symmetric orbifold CFTs
of the form Mn/Sn for various choices of 2d CFTs M , though we need to deform them
by exactly marginal operators to reach a CFT which has a classical gravity dual. Refer
to [33] for an interesting generalization of entanglement entropy (called entwinement) of
the ground state in a symmetric orbifold CFT and its connection to AdS3/CFT2. In
this paper, we will indirectly compute ∆S
(m)
A for the excited state created by the twist
operator in the rational case using the connection to the quantum dimensions [22], which
in general leads to different results than those for the cyclic orbifold.
This paper is organized as follows: In section two, we review the calculation of (2nd)
Renyi entanglement entropy in two dimensional CFTs and useful results in our symmetric
orbifold CFTs. In section three, we present our results for Renyi EE when the cyclic
2
orbifold CFT becomes rational and irrational respectively. In section four, we discuss the
computation of Renyi EE in the symmetric orbifold CFT. In section five, we re-interpret
the results in terms of mutual information for light-like separated intervals. In section
six, we summarize our conclusions. In the appendix A, we present a summary of the
computation of quantum dimensions. In the appendix B, we explain the details of the
computation of a determinant.
2 ∆S
(2)
A and four point functions
We begin by reviewing the computations of the second Renyi entropy ∆S
(2)
A [22] and four
point functions [32] in the cyclic orbifold CFTs in a way convenient for our later analysis.
2.1 2nd Renyi EE from 4-pt function
We would like to compute the growth of the 2nd Renyi entanglement entropy ∆S
(2)
A for
an excited state of the form (1.1). We describe the 2d Euclidean space R2 by a complex
coordinate (w, w¯) = (x+ itE, x− itE), where tE is the Euclidean time and x is the space
coordinate. We choose the location of operator insertion to be x∗ = −l < 0 at t = 0 and
to be smeared by . We take the subsystem A to be the half of the space x > 0. To
calcualte ∆S
(2)
A , we replicate the w-plane into 2-sheets, glue them along A and uniformize
it by the conformal map w = z2 as in Fig.1. As showed in [22], we can calculate ∆S
(2)
A
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Figure 1: The setup of the 2nd Renyi entanglement entropy ∆S
(2)
A for a half line A
for the excited state (1.1) from the four point function of the operator O. The relevant
four point function in our CFT has the following structure:
〈O(z1, z¯1)O¯(z2, z¯2)O(z3, z¯3)O¯(z4, z¯4)〉 = |z13z24|−4∆|z|−4∆|1− z|−4∆FO(z, z¯), (2.1)
where z is the cross ratio z = z12z34
z13z24
.
The growth of 2nd Renyi entanglement entropy for t > l is given by
∆S
(2)
A = − lim
(z,z¯)→(1,0)
logFO(z, z¯), (2.2)
where the limit is understood more precisely as follows: for an infinitesimally small , we
have (assuming t l)
z ' 1− 
2
4t2
, z¯ ' 
2
4t2
. (2.3)
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In 2d rational CFTs, we can take → 0 limit directly and we end up with
∆S
(2)
A = log dO, (2.4)
where dO is the quantum dimension of the primary operator O [22]. It is defined by the
ratio of the elements of the modular S-matrix
dO =
S0O
S00
, (2.5)
where 0 denotes the identity sector. Moreover, a more general analysis shows that for any
m, the m-th Renyi entropy growth ∆S
(m)
A also takes the same value
∆S
(m)
A = log dO, (2.6)
as proved in [22].
In this paper we focus on the cyclic orbifold CFTs given by (1.3) with the central
charge c = 2n and we choose the primary operator O to be the twist operator
O(z, z¯) = σn(z, z¯), (2.7)
where σn is the twisted operator for the cyclic transformation X
(i)
1,2 → X(i+1)1,2 for i =
1, 2, · · ·, n. The conformal dimension of σn is given by ∆n = 112(n− 1/n).
Its four point function takes the form 1:
〈σn(z1, z¯1)σ¯n(z2, z¯2)σn(z3, z¯3)σ¯n(z4, z¯4)〉 = |z13z24|−4∆n|z|−4∆n|1− z|−4∆nFn(z, z¯), (2.8)
where z is the cross ratio z = z12z34
z13z24
. This way, in the states excited by twist operators,
the growth of 2nd Renyi EE for t > l is found from
∆S
(2)
A = − lim
(z,z¯)→(1,0)
logFn(z, z¯). (2.9)
To fix our conventions, we denote the radius of T 2 as R. As in [32], we introduce the
parameter η = R2, where we chose the action of the free scalar which describes T 2 as2
S =
1
4pi
∫
dtdx(∂µφ)
2. (2.10)
Our convention is then such that η = 1 corresponds to the self-dual radius and η = 1/2
is equivalent to a Dirac fermion.
1In a recent work [34], similar four point functions of twist operators were considered for the analysis
of the Aharonov-Bohm effect on entanglement entropy in 2d CFT.
2We set g = 1 in the notation of [32]. In other words, our convention corresponds to α′ = 1 in string
theory.
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2.2 Four Point Functions in (T 2)n/Zn
Here we summarize the known expression for the four point function in the cyclic orbifold
CFT (T 2)n/Zn following [32]. As in (2.8), the correlator is characterized by the function
Fn(z, z¯) which is expressed as follows [32]:
Fn(z, z¯) ≡ 2
n−1ηn−1∏n−1
k=1 Ik/n(z, z¯)
·Θ (0|ηΓ)2 , (2.11)
where the 2(n− 1)× 2(n− 1) symmetric matrix Γ is defined by
Γ =
(
iΩ −Λ/2
−ΛT/2 iΩ˜
)
, (2.12)
and the p dimensional theta function is defined as
Θ(0|Γ) =
∑
m∈Zp
eipim
T ·Γ·m. (2.13)
We also introduced
Ik/n(z, z¯) = fk/n(z)f¯k/n(1− z¯) + f¯k/n(z¯)fk/n(1− z), (2.14)
where
fk/n(z) = 2F1(k/n, 1− k/n, 1, z). (2.15)
Note the identities fk/n(0) = 1 and f0(z) = 1.
The (n− 1)× (n− 1) matrices Λ and Ω, Ω˜ are defined by
Λr,s =
4
n
·
n−1∑
k=0
bk sin
(
pik
n
)
· sin
(
2pi
n
k(r − s+ 1/2)
)
,
Ωr,s =
2
n
·
n−1∑
k=0
ak sin
(
pik
n
)
· cos
(
2pi
k
n
(r − s)
)
,
Ω˜r,s =
2
n
·
n−1∑
k=0
a˜k sin
(
pik
n
)
· cos
(
2pi
k
n
(r − s)
)
, (2.16)
where r, s = 1, · · · , n− 1 and
ak =
2fk/n(1− z)f¯k/n(1− z¯)
Ik/n(z, z¯)
,
a˜k =
2fk/n(z)f¯k/n(z¯)
Ik/n(z, z¯)
,
bk =
fk/n(z)f¯k/n(1− z¯)− fk/n(1− z)f¯k/n(z¯)
Ik/n(z, z¯)
. (2.17)
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The overall normalization of (2.11) is chosen such that
Fn(0, 0) = 1. (2.18)
Also the four point function Fn(z, z¯) manifestly satisfies the channel duality relation
Fn(z, z¯) = Fn(1− z, 1− z¯), (2.19)
which is the invariance under the transformation z ↔ 1 − z, z¯ ↔ 1 − z¯. Under this
transformation, the theta function Θ (0|ηΓ) is itself invariant.
2.3 Another Expression
It is possible to write the four point function Fn(z, z¯) in a manifestly invariant form under
η ↔ 1/η. By performing the Poisson resummation, we can derive the transformation of
the theta function Θ (0|ηΓ) under η ↔ 1/η [35, 36].
Θ(0|ηΓ) = η−(n−1) ·Θ(0|Γ/η). (2.20)
Applying this formula to (2.11), we can obtain the following interesting relation
Fn(z, z¯)
F
(η=1)
n (z, z¯)
=
Θ(0|ηΓ) ·Θ(0|Γ/η)
(Θ(0|Γ))2 , (2.21)
where F
(η=1)
n (z, z¯) is the function Fn(z, z¯) at the self-dual point η = 1.
F (η=1)n (z, z¯) =
2n−1∏n−1
k=1 Ik/n(z, z¯)
·Θ (0|Γ)2 . (2.22)
Note also the special property that when z = z¯ = x (x is a real number) we simply find
F (η=1)n (x, x) = 1. (2.23)
The expression (2.21) manifestly shows that Fn(z, z¯) is invariant under the T-duality
η ↔ 1/η and the η dependence of Fn(z, z¯) comes from the ratio (2.21).
2.4 Generalization to Two Different Radii
When the two radii of T 2 are different, we can generalize our previous result as follows
Fn(z, z¯) =
2n−1∏n−1
k=1 Ik/n(z, z¯)
·
∏
q=1,2
[
η
n−1
2
q ·Θ (0|ηqΓ)
]
, (2.24)
where ηq = R
2
q (q = 1, 2). The overall normalization is fixed such that Fn(0, 0) = 1 as the
previous case (η = η1 = η2).
The four point function manifestly satisfies the invariance under z ↔ 1 − z, z¯ ↔ 1 − z¯
and also under η1 ↔ η2. By using the Poisson resummation formula, we can confirm
the invariance under ηq ↔ 1/ηq. Our discussions in the following sections can be applied
straightforwardly to the two different radii case.
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3 Growth of Renyi Entanglement Entropy
In this section we will turn to the computation of ∆S
(2)
A in (T
2)n/Zn. We start by the
analytical computation of Fn(1− 2/4t2, 2/4t2) in the limit → 0. We then find that the
behavior of Fn (i.e. ∆S
(2)
A ) for irrational η is distinctly different from that for rational η.
For rational η (= p
q
), the CFT is rational and, as expected from the result in [22],
∆S
(2)
A approach to a finite constant that we prove to be
∆S
(2)
A = (n− 1) · log(2pq). (3.1)
We derive this result by both, analytical and numerical computations and ensure consis-
tency with the formula (2.4) by using the quantum dimension of the twist operator σn
evaluated in the Appendix A.
For irrational η, we encounter a new late time behavior of ∆S
(2)
A in the form of the
double logarithm
∆S
(2)
A ' (n− 1) · log (log(t/)) . (3.2)
This evolution belongs to neither the RCFT class nor the holographic CFT class encoun-
tered before and is the main new result of our work. This late time scaling suggest the
existence of the third class, irrational CFT class from the perspective of the evolution of
entanglement measures in excited states.
3.1 Analytical Computation of Fn(1, 0)
Now let us closely study the  → 0 limit (2.3). It is useful to define an infinitesimal
quantity δ
δ ≡ pi
log(4t2/2)
→ 0. (3.3)
In this limit (2.3) with δ → 0, (2.14) and (2.17) are approximated by
Ik/n '
sin2
(
pik
n
)
δ2
+O(δ0),
ak ' 2δ
sin
(
pik
n
) +O(δ2),
a˜k ' 2δ
sin
(
pik
n
) +O(δ2),
bk ' 1 +O(δ2), (3.4)
and (2.16) are also approximated by
Ωr,s ' 4
n
δ · (−1 + n · δr,s) (≡ δ · (Ω0)r,s),
Ω˜r,s ' 4
n
δ · (−1 + n · δr,s) (≡ δ · (Ω0)r,s),
Λr,s ' 2(δr,s − δr,s−1) (≡ (Λ0)r,s).
(3.5)
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Therefore we can get the simple approximation form of the function Fn (2.11) as
Fn ' 2n−1ηn−1 · (gn)2, (3.6)
with
gn ≡ 2
n−1δn−1
n
·
∑
l,m∈Zn−1
e−piδηm
T ·Ω0·m+2piiη(− 12 lT ·ΛT0 )·m−piδηlT ·(Ω0)·l, (3.7)
where we useed the following relation
n−1∏
k=1
2 sin
(
pik
n
)
= n. (3.8)
By using the Poisson resummation formula∑
m∈Zn−1
e−pim
T ·A·m+2piibT ·m =
1√
detA
∑
m˜∈Zn−1
e−pi(m˜+b)
T ·(A−1)·(m˜+b), (3.9)
we find 3
gn =
2n−1δn−1
n
· 1√
det(ηδΩ0)
∑
l,m˜∈Zn−1
e−
pi
ηδ
(m˜T− η
2
lT ·ΛT0 )·Ω−10 ·(m˜− η2Λ0·l)−piηδlT ·Ω0·l. (3.10)
Since Ω−10 is Hermitian it may be diagonalized by a unitary matrix U : Ω
−1
0 = UDU
†. If
x = Uy, then
xT · Ω−10 · x =
∑
i
Dii|yi|2, (3.11)
hence if Dii > 0, then x
T · Ω−10 · x > 0 for all x,x 6= 0 and we can easily show Dii > 0
(see Appendix B). This discussion tells us that the quadratic form (m˜T − η
2
lT ·ΛT0 ) ·Ω−1δ ·
(m˜− η
2
Λ0 · l) in the exponent is minimized by the following condition
m˜− η
2
Λ0 · l = 0. (3.12)
This gives us the dominant contribution in the δ → 0 limit. For rational η(= p
q
), the
condition is satisfied by
m˜r = pkr (3.13)
and (
1
2
Λ0 · l
)
r
= lr − lr+1 = qkr (r = 2, . . . , n− 2)
−l1 = qk1
ln−1 = qkn−1,
(3.14)
3Here we omit the O(δ) subleading corrections to the quadratic form on the exponent. They don’t
play an important role in the following discussion.
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where kr is an arbitrary integer. Then, we can estimate gn for rational η by applying this
condition
gn =
2n−1δn−1
n
· 1√
det(ηδΩ0)
∑
k∈Zn−1
e−pipqδk
T ·Ω0·k
=
2n−1δn−1
n
· 1√
det(ηδΩ0 · pqδΩ0)
=
2n−1
npn−1 det Ω0
=
1
(2p)n−1
.
(3.15)
where we used the following relation
det Ω0 =
22(n−1)
n
. (3.16)
This relation is derived in Appendix B. Finally, we can obtain the four point function Fn
for rational η(= p
q
).
Fn ' 2n−1ηn−1 · 1
(2p)2(n−1)
=
1
(2pq)n−1
. (3.17)
On the other hand, for irrational η, only m˜r = lr = 0 satisfies the condition (3.12).
Therefore we have
gn =
2n−1δn−1
n
· 1√
det(ηδΩ0)
=
√
δn−1
nηn−1
,
(3.18)
and we approximate Fn for irrational η as
Fn ' 2n−1ηn−1 · δ
n−1
nηn−1
=
2n−1
n
δn−1. (3.19)
It is very important to stress that this approximation is only applicable only when
δ  1
pq
. (3.20)
If we for example consider the case (assuming q  1)
1
pq
 δ  1, (3.21)
we cannot justify the approximation that only (m˜r, lr − lr+1) = (p, q)kr contributes.
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3.2 Growth of Renyi Entanglement Entropy for rational η
In the rational case the four point function Fn(1, 0) is written by (3.17), hence the 2nd
Renyi entropy increases by the constant equal to
∆S
(2)
A = (n− 1) · log(2pq), (3.22)
which can be as large as the central charge c = 2n in the large n limit.
A few comments to support this result are in order at this point :
• First of all, we can check the formula (3.22) numerically for various values of (z, z¯)
and (p, q). For instance, the figure 2 shows the behavior of F2 for η =
10
11
as a func-
tion of δ. Indeed F2 approaches to
1
220
in the δ → 0 limit. Also there is a plateaux
F2 ' 1/2 for δ ∼ 0.3 as η is close to 1. A similar plateaux can be observed more
clearly for η = 10
p
10p+1
for a large p.
• When η is rational, we expect that the CFT (T 2)n/Zn is also a RCFT. Indeed, as
we explain in detail in appendix A, we can show that the quantum dimension of the
twist operator σn in (T
2)n/Zn takes the value
dσn =
S0σn
S00
=
1
(s00)n−1
= (2pq)n−1, (3.23)
where s00 =
1
2pq
is the vacuum S-matrix element in the c = 2 CFT at the radius of
T 2 equal R =
√
p/q. By using the formula (2.4), we can get the following expression
of ∆S
(2)
A :
∆S
(2)
A = log dσn = (n− 1) · log(2pq), (3.24)
which perfectly matches (3.22).
• For n → 1, ∆S(2)A reduces to zero. This is consistent with the fact that the twist
operators become the identity in the n→ 1 limit (no orbifold).
Note that, as shown in [22], for RCFTs, the growth of m-th Renyi EE ∆S
(m)
A does not
depend on m and therefore we also expect the same for the rational η in our setup
∆S
(m)
A = (n− 1) · log(2pq).. (3.25)
Moreover, we can extend the rational result into the case where we insert many twist
operators. As shown in [25, 26], in RCFTs, entanglement is conserved after the scattering
between the local operators. This means that the contribution from the local operators
are summed up independently. Therefore, when the excited state is created by insertion
of K twist operators, we find the late time increase of the Renyi entropies
∆S
(m)
A = K · (n− 1) · log(2pq). (3.26)
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Figure 2: The plot of the function F2(x, 1− x) for η = 1011 as a function of δ = pi− log x . The
left figure for 0 ≤ δ ≤ 0.02. The right one for 0 ≤ δ ≤ 1.5.
3.3 Evolution of Renyi Entanglement Entropy for Irrational η
When η is an irrational number, we simply find
Fn(1, 0) = 0. (3.27)
This means that the 2nd Renyi EE diverges with time. To see the exact time dependence
we need to find a first order correction in the δ → 0 limit.
By using the result (3.19), we may naively estimate
Fn
(
1− 
2
4t2
,
2
4t2
)
' 2
n−1
n
· δn−1 = 1
n
·
(
2pi
log(4t2/2)
)n−1
. (3.28)
This leads to the following result of time evolution of ∆S
(2)
A when η is irrational
∆S
(2)
A ' (n− 1) · log
(
log(4t2/2)
2pi
)
+ log n ∼ (n− 1) · log (log(t/)) . (3.29)
This is proportional to the central charge c = 2n in the large n limit and independent of
η.
However, strictly speaking, there is a subtle problem in this argument because we can
make |m˜− η
2
Λ0 · l| arbitrary small by taking m˜r and lr large enough, even if η is irrational.
Since we do not have any analytical control on this problem, we performed numerical
computations for various small values of δ. The upshot is that the estimation (3.28) is
qualitatively correct. More explicitly, when δ is small, we find that the ratio Fn/δ
n−1 is
bounded both from below and above
2n−1
n
≤ Fn
δn−1
≤ A(η), (3.30)
where A(η) is a certain O(1) constant which depends on η. Note that the lower bound is
obvious because the following summation in (3.10)∑
l,m˜∈Zn−1
e−
pi
ηδ
(m˜T− η
2
lT ·ΛT0 )·Ω−10 ·(m˜− η2Λ0·l)−piηδlT ·Ω0·l = 1 + · · · (3.31)
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Figure 3: The plot of the function F2(x, 1 − x) for η =
√
2 as a function of δ = pi− log x .
The left figure for 0 ≤ δ ≤ 1.6. The right one for 0 ≤ δ ≤ 0.06. The blue thick curves
describe the plots. The black ones are the numerical fits.
is larger than 1. Indeed, in Fig.3 and Fig.4 we computed F2 for η =
√
2 numerically. It
is clear that F2 approaches to zero almost linearly like F2/δ ∼ 1.46.
Note also that Fig. 4 shows clear oscillations. This oscillation gets more frequent as
we approache δ = 0. The reason why we have such oscillations is because we can ap-
proximate any irrational number by infinitely many different rational numbers as in the
continued fraction representation4, where δ measures the accuracy of the approximation.
Figure 4: The plot of the ratio F2(x, 1− x)/δ for η =
√
2 as a function of δ = pi− log x . We
took 0 ≤ δ ≤ 0.05.
In principle, we can extend our analysis to n ≥ 3 in a straightforward way. However,
our numerical analysis gets more involved as n grows. We show our result for n = 3 in
Fig.5 and Fig.6 for η =
√
2. The plots show that the ratio F3/δ
2 is bounded both from
below and from above.
4For example, the continued fraction expansion of
√
2 (= 1 + 1
2+ 12+···
) generates rational numbers
{pq } = 1, 32 , 75 , 1712 , 4129 , · · · at each step. This approximation causes the oscillation of Fn locally minimized
at δ ∼ 12pq = 0.5, 0.0833..., 0.0142..., 0.00245..., 0.000420..., · · · , as seen in Fig.4 and Fig.6. However, for
irrational numbers with complicated continued fraction expansion (pi, e, . . . ), it seems to be hard to see
such structure.
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Figure 5: The plot of the function F3(x, 1 − x) for η =
√
2 as a function of δ = pi− log x .
The left figure for 0 ≤ δ ≤ 1.6. The right one for 0 ≤ δ ≤ 0.05. The actual numerical
plots are blue colored.
Figure 6: The plot of the ratio F3(x, 1− x)/δ2 for η =
√
2 as a function of δ = pi− log x . We
took 0 ≤ δ ≤ 0.05.
Summarizing, our thorough analysis shows that for irrational η, the growth of Renyi
entanglement entropy has a form of the double logarithm
∆S
(2)
A ' (n− 1) · log (log(t/)) , (3.32)
up to a constant term and ignoring the oscillating effect.
Note that, similarly to the rational case, it is natural to expected that ∆S
(m)
A also does
not depend on m,
∆S
(m)
A ' (n− 1) · log (log(t/)) , (3.33)
To show this intuitively, in the δ → 0 limit, we pinch off nontrivial cycles of the replica
manifold as many as the genus g = (m− 1)(n− 1). Then, Fn obtains a divergent factor δ
for each pinched cycle and the total divergent factor is δg = δ(m−1)(n−1). This observation
leads us to (3.33). We can confirm it explicitly for the m = 2 case, as discussed in this
section, however the cautious reader should bear in mind potential subtleties that could
remain for irrational CFTs. It would be interesting to prove the independence on m
rigorously for irrational η and we leave it as an open future problem.
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4 Growth of Renyi EE in Symmetric Orbifolds (T 2)n/Sn
So far we analyzed the Renyi EE for the cyclic orbifold (T 2)n/Zn. Now we would like
to turn to the symmetric orbifold (T 2)n/Sn with the same radii R. Except n = 2, they
are different CFTs and any tractable formula of four point functions in the latter CFT
is unfortunately not available at present. However, it is still correct that the symmetric
orbifold CFT is rational if the value of R2 is rational, which we set R2 = p/q again.
Therefore in this rational CFT case, we can apply (2.6) to calculate ∆S
(m)
A . The detailed
computation can be found in the appendix A. The upshot is that the quantum dimension
takes the value
dσn = (n− 1)! · (2pq)n−1, (4.1)
because we have an additional prefactor of |CA| = (n − 1)! in (A.13) for the symmetric
orbifold. This leads to the growth of Renyi entropy
∆S
(m)
A = (n− 1) log(2pq) + log(n− 1)!. (4.2)
This result clearly shows the four point function of the twist operators in the cyclic
orbifold CFT is different from that in the symmetric orbifold one. This difference is
natural because the intermediate states in the computation of the four point function are
projected by two different orbifold groups. The additional term in (4.2) can be intuitively
understood since the sizes of the two orbifold groups are different by the factor |Sn|/|Zn| =
(n− 1)!. It will be an interesting future work to confirm our prediction (4.2) by working
out the four point function in (T 2)n/Sn explicitly and also compute the time evolution in
the irrational case.
5 Re-interpretation in terms of the Mutual Informa-
tion
Since our analysis in the previous sections involves the four point function of twist oper-
ators, we can also interpret the result in terms of the Renyi entanglement entropy S
(n)
A∪B
for two intervals A and B as in [3, 32, 37, 38], or the Renyi mutual information
I(n)(A : B) = S
(n)
A + S
(n)
B − S(n)A∪B. (5.1)
Let us choose A and B to be [x1, x2] and [x3, x4] in the two dimensional Lorentzian
spacetime R1,1. Note that the Lorentzian time t and space x is related to the complex
coordinate as z = x + itE = x− t. In terms of the complex coordinate, the intervals are
specified by the twist operators at
z1 = z¯1 = x1, z3 = z¯3 = x3, z4 = z¯4 = x4,
z2 = x2 − (−t), z¯2 = x2 + (−t), (5.2)
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where x1 < x2 < x3 < x4 and t > 0. Here we consider the simple case that only x2
goes away from the t = 0 slice. In this setup, the (z, z¯) → (1, 0) limit corresponds to
the ”light-cone” limit. In this limit, the interval A is infinitely boosted and the Cauchy
surface containing the intervals becomes singular (Fig.7).5 To regularize this null limit,
let us introduce regulators 1,2 such that
x−32 = −2(< 0)→ 0, x+21 = 1(> 0)→ 0. (5.3)
where we defined the light-cone coordinate x±j = tj ± xj (t2 = −t, t1 = t3 = t4 = 0). The
cross ratios are
z =
z12z34
z13z24
=
x−21x
−
43
x−31x
−
42
=
(x21 + t)x43
x31(x42 − t) = 1−
x−32x
−
41
x−31(x
−
43 + x
−
32)
= 1− (l + 2t+ 1 + 2)2
(2t+ 1 + 2)(l + 2)
,
z¯ =
z¯12z¯34
z¯13z¯24
=
x+21x
+
43
x+31(x
+
41 − x+21)
=
(x21 − t)x43
x31(x42 + t)
=
l1
(2t+ 1 + 2)(l + 2t+ 2)
. (5.4)
where x4 − x3 = l. They are expanded in 1,2 as follows
z ' 1−
(
l + 2t
2tl
)
· 2 · · · , z¯ '
(
l
2t(l + 2t)
)
· 1 + · · · . (5.5)
Especially, we focus on the expansions for l→∞ and 1 = 2 =  which have quite simple
forms as with (2.3).
z ' 1− 
2t
· · · , z¯ ' 
2t
+ · · · . (5.6)
x 
t 
A 
 
B 
 
x1 
x2 
x3 x4 
Figure 7: The setup of mutual information I(A : B) between two intervals A and B when
A is infinitely boosted.
Thus if we boost A to almost null, then the n-th Renyi mutual information (3.17) can
be computed by performing the similar analysis for the (z, z¯)→ (1, 0) limit of Fn(z, z¯) in
the previous sections.
I(n)(A : B) =
1
n− 1 log
[|1− z|−4∆n · Fn(z, z¯)] , (5.7)
5In [39], the light-cone limit of S
(n)
A∪B is discussed for globally excited states. It detects the failure of
the quasi-particle picture for propergation of entanglement. Our setup is similar but different in that
the excitation is (quasi-)locally caused by boosting the interval A. And, in [40], other configurations of
non-coplaner regions are discussed.
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where ∆n =
c
24
(n − 1/n). For any η, the mutual information (5.7) has the logarithmic
divergent term coming from the first factor in the logarithm. The η-dependence comes
from Fn(z, z¯). When η = p/q is rational, applying (3.17), we find the constant term.
I(n)(A,B) =
c
12
(
1 +
1
n
)
log
(
y
2
)
− log(2pq), (5.8)
where y = 2t. We expect in any rational CFT this is generalized into the following form:
I(n)(A,B) =
c
12
(
1 +
1
n
)
log
(
y
2
)
− log dtot, (5.9)
where dtot = 1/s00 is the total quantum dimension of the (seed) CFT. When η is irrational,
applying (3.19), we find the double logarithmic divergent term.
I(n)(A : B) =
c
12
(
1 +
1
n
)
log
(
y
2
)
− log
(
log
(
y
2
))
− log n
n− 1 + log(2pi). (5.10)
6 Conclusions
In this work we studied the evolution of the Renyi entropy in cyclic and symmetric orbifold
CFTs. As we showed, by considering twist operators as the primary excitations, we were
able to extract various new and universal result from the four point correlators developed
by Calabrese, Cardy, and Tonni [32] for the cyclic orbifold CFT. Here we summarize our
main findings and list some open problems.
Depending on the compactification radius, our setup can be divided into rational and
irrational models. In the rational case the increase of the Renyi entropies approaches
a universal constant at late times proportional to the logarithm of the total quantum
dimension. This quantity is also defined as the inverse of the identity-identity component
of the modular S-matrix of the seed theory. In our setup, for the rational radius η = p/q,
we showed, both analytically and numerically, that for twist operators in the n-th cyclic
orbifold CFT (T 2)n/Zn, the Renyi approaches the constant ∆S(m) = (n− 1) log(2pq). In
the case of the symmetric orbifold CFT (T 2)n/Sn, we get ∆S
(m) = (n − 1) log(2pq) +
log(n − 1)!. They do not agree with each other except n = 2 because the intermediate
states in the computation of four point functions are different due to different orbifold
projections.
Moreover, we analyzed the time evolution of Renyi entropy in the cyclic orbifold CFT
when the square of the radius is irrational. In this irrational case, we found a universal
growth at late times given by the double logarithm of time. This is slower that the
holographic one [27, 28] but much faster and unconstrained that in RCFTs. This result
strongly suggests that a breakdown of the quasi-particle picture, is strongly related to
rationality of the underlying CFT. Motivated by our results we are tempting to conjecture
that the logarithmic growth found in the holographic CFTs is the fastest growth for the
local excitations among all 2d CFTs. Such a systematical understanding of entanglement
entropy growth certainly deserves future studies.
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Moreover, interestingly, our results for the second Renyi entropy can be interpreted
in terms of the mutual information between light-like separated intervals. We derived a
universal answer for the mutual information in this limit and it would be interesting to
explore the physical meaning of this quantity in more details.
As another useful quantity which characterizes the evolutions of excitations is the out-
of time order correlators (OTOCs), which provides a new tool to classify CFT from the
perspective of the evolution of the quantum entanglement and information [41, 42, 43]. In
our upcoming publication [44], we will present the results for OTOCs for our symmetric
orbifold CFTs and compare the results with those for RCFTs [45, 46] as well as chaotic
CFTs .
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A Quantum Dimension from S-matrices in Orbifold
CFTs
A.1 Quantum dimension of twist operator
If C denotes a RCFT, C⊗n denotes a n-th tensor product CFT of C and Ω denotes a
permutation group in Sn, the characters of the primary fields in C⊗n/Ω and their modular
property (i.e. S-matrix) are given in [47]. By using these expressions, we can get the
quantum dimension of the twist operator in C⊗n/Ω. To explain this, we use the following
notation.
(Notation)
D(Ω) · · ·The Drinfeld double of the group Ω, defined in [48]
p · · · Some representative of an orbit of Ω acting on the n-tuples 〈pi, p2, . . . pn〉 of pri-
maries pi of C.
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φ · · · Irreducible character of the double D(Ωp) of the stabilizer Ωp = {x ∈ Ω|xp = p}
of the n-tuple p
〈p, φ〉 · · ·The primary fields of C⊗n/Ω
χp(τ) · · ·The genus one character of the primary field p of C.
ωp · · ·The modular T-matrix of C, in that ωp = e2pii(∆p− c24 )
O(x, y) · · ·The set of orbits of the subgroup generated by x and y, where a pair of x, y ∈ Ω
is of commuting permutations
To each ordered triple 〈x, y, ξ〉 with ξ ∈ O(x, y), we associate the following data:
1. nξ ( resp. n
∗
ξ ) is the length of any x orbit ( resp. y orbit ) contained in ξ
2. µξ ( resp. µ
∗
ξ) is the number of the x orbits (resp. y orbits )
3. κξ ( resp. κ
∗
ξ) denotes the smallest non-negative integer for which y
µξ = xκξ( resp.
yµ
∗
ξ = xκ
∗
ξ ) holds on the points of ξ
The characters of the primary fields 〈p, φ〉 in C⊗n/Ω are written as follows:
χ〈p,φ〉(τ) =
1
|Ωp|
∑
x,y∈Ω
χp(x, y|τ)φ¯(x, y), (A.1)
where
χp(x, y|τ) =

∏
ξ∈O(x,y)
ω
− κξ
nξ
pξ χpξ(τξ) if x, y ∈ Ωp commute,
0 otherwise,
(A.2)
τξ =
µξτ + κξ
nξ
(A.3)
and pξ is the component of p associated to the orbit ξ. According to [47], the conformal
dimensions of the primary fields 〈p, φ〉 can be obtained from the following relation:
1
dφ
∑
x∈Ωp
φ(x, x)
∏
ξ∈O(x,1)
ω
1
|ξ|
pξ = exp
(
2pii(∆〈p,φ〉 − nc
24
)
)
, (A.4)
where ∆〈p,φ〉 is the conformal dimension of the primary 〈p, φ〉 of C⊗n/Ω and dφ =
∑
x∈Ωp φ(x, 1).
The irreducible character of the double φ can be labeled by a representative element gA
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of a conjugacy classes CA of Ω and an irreducible character α of the centralizer ZA of g
A,
so we denote by φg
A
α the irreducible character of the quantum double.
Let’s consider the special diagonal primary field 〈p = (∆p,∆p, · · · ,∆p), φgAα 〉 where gA
is the cyclic permutation (1, 2, · · · , n) and α is the trivial irreducible representation of
ZA. In this case,
φg
A
α (x, y) =
{
0, if x /∈ CA or xy 6= yx
1, othewise
(A.5)
and
1
dφ
∑
x∈Ωp
φ(x, x)
∏
ξ∈O(x,1)
ω
1
|ξ|
pξ =
∏
ξ∈O(gA,1)
ω
1
|ξ|
pξ
= ω
1
n
pξ
= exp
(
2pii(
∆p
n
− c
24n
)
)
= exp
(
2pii(∆〈p,φ〉 − nc
24
)
)
.
(A.6)
Therefore the conformal dimension of 〈p = (∆p,∆p, · · · ,∆p), φgAα 〉 is
∆〈p,φ〉 =
∆p
n
+
c
24
(n− 1
n
). (A.7)
In particular,
∆〈0,φ〉 =
c
24
(n− 1
n
), (A.8)
where 0 is the set of vacuum, (0, 0, · · · , 0). This is exactly the same as the weight of the
twist operator.
Next, let’s calculate the special element of S-matrix, S
0,〈0,φgAα 〉. In general, the elements
of the S-matrix of C⊗n/Ω is very complicated, but the special elements, S0,〈p,φ〉, have the
following simple form:
S0,〈p,φ〉 =
1
|Ωp|
∑
x∈Ωp
φ(x, 1)
∏
ξ∈O(x,1)
Sseed0pξ , (A.9)
where Sseed is the S-matrix of C. Inserting (A.5) into (A.9), we can get this element, in
that,
S
0,〈0,φgAα 〉 =
|CA|
|Ω|
∏
ξ∈O(gA,1)
Sseed00ξ
=
|CA|
|Ω| (S
seed
00 ).
(A.10)
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On the other hand, the trivial character of the quantum double is
φeα(x, y) = δe,x. (A.11)
By the same calculation as the above, we can get
S0,0 =
1
|Ω|(S
seed
00 )
n, (A.12)
hence the quantum dimension dσn of the twist operator is
dσn =
S
0,〈0,φgAα 〉
S0,0
=
|CA|
(Sseed00 )
n−1 . (A.13)
This result holds in general RCFTs, in that the quantum dimension of the twist
operator in (general RCFT)⊗n/Ω is related to the (n−1)-th power of the total dimension
of its seed RCFT. But as it is obvious from the above derivation, Ω have to contain the
group element (1, 2, · · · , n). Zn has the cyclic permutation (1, 2, · · · , n), so we can use
the above formula (in this case, |CA| = 1).
Let’s focus on our case where C is T 2 with η = p/q. As is well known, the characters
of the primary fields in the free compactified boson theory with η = p/q are written as
follows:
χ
(pq)
l (q) =
1
η(q)
∑
m∈Z
q
1
4pq
(l+2mpq)2
=
Θl,pq(τ, 0)
η(τ)
, − pq + 1 ≤ l ≤ pq,
(A.14)
where q = e2piiτ , Θl,k(τ, z) are the theta functions and η(τ) is the eta function. Using the
modular transformation law of the theta functions and the eta function, we can get the
following modular properties:
χ
(pq)
l
(
−1
τ
)
=
pq∑
m=−pq+1
e
−piilm
pq√
2pq
χ(pq)m (τ). (A.15)
Therefore the modular S-matrix of this theory is
ST
1
lm =
e
−piilm
pq√
2pq
. (A.16)
We can get the modular matrix element ST
2
00 of T
2 just by squaring ST
1
00 , so we get
Sseed00 = S
T 2
00 =
1
2pq
. (A.17)
Using (A.13), the quantum dimension of the twist operator in (T 2)n/Zn is
dσn = (2pq)
n−1, (A.18)
which is exactly (3.23) we wanted to prove. Note that, from the above derivation, we can
understand that 2pq reflects the number of irreducible characters.
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A.2 Application and Another calculation for Sn
We showed the quantum dimension for (T 2)n/Zn by (A.18) in order to recover (3.24), but
it’s also interesting to consider Sn case as we said in the introduction. From (A.13), we
can directly obtain the quantum dimension of twist operator for Sn:
dσn =
(n− 1)!
(Sseed00 )
n−1 , (A.19)
where we use the fact that |CA| = (n− 1)! for gA = (1, 2, 3, · · · , n) in Sn.
In fact, we can check our result for Sn case from the another viewpoint. If we have the
explicit expressions for the characters of the twist and vacuum operator, we can evaluate
the quantum dimension of the twist field in the following way:
lim
τ→i∞
χi
(
− 1
τ
)
χ0
(
− 1
τ
) = lim
τ→i∞
∑
j Sijχj(τ)∑
j S0jχj(τ)
=
Si0
S00
= di.
(A.20)
The characters of S3 orbifolds has been presented in [49] and in particular, the characters
of the vacuum and twist operator are as follows:
Meaning
if hp = 0
S3 orbifold character Dimension
vacuum 1
6
[
(χ (τ))3 + 3χ (τ)χ (2τ) + 2χ (3τ)
]
3hp
twist op. 1
3
[
χ
(
τ
3
)
+ χ
(
τ+1
3
)
+ χ
(
τ+2
3
)]
1
3
hp +
1
9
c
Table 1: Characters for primaries 〈p, p, p〉 of S3 orbifold.
If the character of the orbifold denotes Xi, the characters corresponding to the vacuum
(0) and twist (σ) operator are respectively
X0(τ) = 1
6
[
(χ0 (τ))
3 + 3χ0 (τ)χ0 (2τ) + 2χ0 (3τ)
]
(A.21)
and
Xσ(τ) = 1
3
[
χ0
(τ
3
)
+ χ0
(
τ + 1
3
)
+ χ0
(
τ + 2
3
)]
. (A.22)
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To apply these to (A.20), we need to evaluate the limit of the following quantities.
χi
(
−p
τ
)
=
∑
j
Sijχj
(
τ
p
)
τ→i∞−−−→ Si0
(
q−
c
24
) 1
p
,
(A.23)
χi
(− 1
τ
+ 1
3
)
=
∑
j
Sijχj
(
3τ
1− τ
)
=
∑
j
Sijχj
(
−3 + 3
1− τ
)
=
∑
j
(ST−3)ijχj
(
3
1− τ
)
=
∑
j
(ST−3S)ijχj
(
τ − 1
3
)
τ→i∞−−−→ (ST−3S)i0
(
q−
c
24
) 1
3
× (e− 2pii3 )− c24
(A.24)
and
χi
(− 1
τ
+ 2
3
)
=
∑
j
Tijχj
(− 1
τ
− 1
3
)
=
∑
j
(TST 3S)ijχj
(
τ + 1
3
)
τ→i∞−−−→ (TST 3S)i0
(
q−
c
24
) 1
3
× (e 2pii3 )− c24 .
(A.25)
By using these, the leading term of X0(− 1τ ) (τ → i∞) is
X0
(
−1
τ
)
τ→i∞−−−→ 1
6
S300
(
q−
c
24
)3
(A.26)
and that of Xσ(− 1τ ) is
Xσ
(
−1
τ
)
τ→i∞−−−→ 1
3
S00
(
q−
c
24
)3
. (A.27)
Inserting these into (A.20),
dσ = 2
1
S200
. (A.28)
In the same way, we can also calculate the quantum dimension for S4 case.
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Meaning
if hp = 0
S4 orbifold character Dimension
vacuum
1
4!
[
(χ(τ))4 + 6χ(2τ) (χ(τ))2
+8χ(3τ)χ(τ) + 3 (χ(2τ))2 + 6χ(4τ)
] 4hp
twist op. 1
4
[
χ
(
τ
4
)
+ χ
(
τ+1
4
)
+ χ
(
τ+2
4
)
+ χ
(
τ+3
4
)]
1
4
hp +
5
32
c
Table 2: Characters for primaries 〈p, p, p, p〉 of S4 orbifold.
According to the above table, the leading term of X0(− 1τ ) (τ → i∞) is
X0
(
−1
τ
)
τ→i∞−−−→ 1
4!
S400
(
q−
c
24
)4
(A.29)
and that of Xσ(− 1τ ) is
Xσ
(
−1
τ
)
τ→i∞−−−→ 1
4
S00
(
q−
c
24
)4
. (A.30)
Inserting these into (A.20),
dσ = 3!
1
S300
. (A.31)
The analysis of the higher n proceeds along the same lines and the expression for
general n is supposed as follows:
dσn =
(n− 1)!
(Sseed00 )
n−1 . (A.32)
This result is consistent with our general expression.
B The determinant of Ω0
The characteristic polynomial of Ω0 is
|Ω0 − λ| = ( 4
n
− λ)(4− λ)n−2 = 0, (B.1)
where we insert (3.5) into the following formula for (n− 1)× (n− 1) matrices:∣∣∣∣∣∣∣∣∣∣∣
a b b · · · b
b a b · · · b
b b a · · · b
...
...
...
. . .
...
b b b · · · a
∣∣∣∣∣∣∣∣∣∣∣
= (a+ (n− 2)b)(a− b)n−2. (B.2)
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Therefore the eigenvalues of Ω−10 are {n4 , 14 , 14 , . . .} and these are clearly positive. And we
can also evaluate the determinant of Ω0 as follows:
det Ω0 =
4n−1
n
, (B.3)
which is exactly (3.16) we wanted to prove.
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